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MEAN FIELD VARIATIONS IN A STATISTICAL SAMPLE OF
HETEROGENEOUS LINEARLY ELASTIC SOLIDSt

M, J, BERAN and J. J. McCoyt
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Abstract~The problem discussed is the determination of the mean (i.e. statistical average) field quantities in
a statistical sample of heterogeneous linearly elastic solids. A formulation is obtained that determines {u~x)},

where Ui denotes the displacement field and the braces indicate an ensemble average. This formulation is presented
in terms of an infinite sequence of correlation functions associated with the usual material properties. While this
formulation is exact only for the case involving infinite solids, an example is used to demonstrate that the effect
of a boundary on the formulation is significant only within a layer of the boundary, the thickness of which is
determined by the largest correlation length associated with the field describing the material properties.

The formulation is investigated in detail for the case of a statistically homogeneous and statistically isotropic
sample of locally isotropic solids. An explicit form is obtained for the limiting case of weakly inhomogeneous
solids. The case of the slowly varying field; i.e. variations in {u;(x)} which are slow relative to variations in the
material properties; is also studied and it is shown that the use of effective material parameters result in a valid
first order approximation for this case. The first order correction for this same limit is shown to be similar to
that of the first strain gradient theory.

INTRODUCTION

THE problem to be discussed is the determination of the mean (i.e. statistical average)
field quantities for an assemblage of linearly eiastic solids, the individual members of
which have material properties that may be described by statistically homogeneous
random functions of position. This problem is of interest both because of its own intrinsic
nature and because the results obtained may be applied to gain some insight into the
validity of using theories which allow for a localized structure to study the response of a
composite continuum.

Although a statistical interpretation to some problems involving a continuum, has
met with a measure of success, there have been relatively few attempts to apply these
ideas to problems involving an elastic continuum. In those cases in which a statistical
view has been adopted, the assumption is usually made that all characteristic lengths
associated with the spatial variations of the mean field quantities, L, are large compared
to all characteristic lengths, I, associated with the spatial variations in the material properties.
If this assumption is valid, the governing equations on the mean field are identical in form
to the usual deterministic equations. The only difference is that the constant parameters
that define the material properties are replaced by constant effective parameters. The problem
of interest is then to predict these effective material parameters, or bounds on these effective
parameters, from information on the random variations that occur in each member of
the assemblage. In the case in which each member of the assemblage is an isotropic linearly
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elastic solid, Beran and Molyneux [1] obtained bounds on the effective bulk modulus
and McCoy [2] obtained bounds on the effective shear modulus. Kroner [3] obtained an
explicit equation for the effective properties of an assemblage of anisotropic solids for a
class of materials which he terms "perfectly disordered" solids. A much more extensive
literature exists on determining effective properties, or bounds on effective properties,
that is not based on any statistical ideas. Hashin [4] has presented a comprehensive review
article on these solutions. In Beran [5] the linear elastic medium is discussed from a
statistical point of view.

During the same period as the above work there has been a parallel independent study
of the statistical problem in the Russian literature. Lomakin [6,7] has written a series of
papers applying perturbation techniques. Further work by Lomakin and other authors is
presented in Lomakin [8]. The subject will be treated comprehensively in a book to be
published by Lomakin [9].

For problems involved with actually determining the variation of mean field quantities,
efforts have largely been restricted to the propagation of plane harmonic waves. Keller [10]
and Karal and Keller [11] have studied the propagation of plane waves in an infinite
weakly inhomogeneous medium by using perturbation theory. Their results show that
in the limit of small perturbations the propagation is that predicted for the homogeneous
medium with the propagation constant replaced by an effective propagation constant.
The effective propagation constant is complex, however, and hence a spatially decaying
wave is obtained. Knopoff and Hudson [12] and Hudson [13] have also studied the case
of the propagation of plane harmonic waves.

In the present study the object is to obtain an equation governing the mean field
quantities for a statistical sample of linearly elastic solids. We have previously studied
this problem for dielectric materials (Beran and McCoy [14].) We begin with the displace
ment equations of motion and average these equations. This yields an equation for the
mean displacement field which contains the term {Cijkle~l}, where the braces indicate
ensemble averaging, a prime indicates the fluctuating part of the indicated quantity about
its mean value, C;jkl denotes the elastic moduli tensor, and ekl the linear strain tensor.
Subtracting these averaged equations from the original equations gives equations for the
fluctuating part of the displacement field. These latter equations are formally inverted to
give e~l in terms of the mean value of the displacement field and the results are finally
substituted back into the averaged equation to give the desired equation for the mean
displacement field.

In the next section the procedure outlined above is carried out. The single inversion
that must be accomplished, which involves determining the response of a homogeneous
linearly elastic solid with a known body force and homogeneous boundary conditions.
is accomplished by introducing a Green's function.

In Section 2 detailed computations are carried out for the case in which each member
of the assemblage is a locally isotropic solid of infinite extent. The results show that the
governing equations on the mean field quantities are identical in form to those predicted
for a homogeneous solid if one allows the possibility of non-local effects. It is shown how
this equation leads to a sequence ofapproximate equations in the case in which all character
istic lengths associated with spatial variations in the mean field quantities are large compared
to all characteristic lengths associated with spatial variations of the material properties.

In Section 3 a further restriction is introduced. We restrict our attention here to
assemblages in which the statistical properties of the elastic moduli are homogeneous and
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isotropic. Here it is seen that all the information needed to characterize the assemblage,
for purposes of calculating mean field quantities, is contained in six scalar functions.
These functions are theoretically calculable in terms of correlation functions of all orders
involving the material properties of members of the assemblage. Further, the entire set
of equations is transformed from real space to Fourier transform space and a solution
for the displacement field formally obtained in the transformed space. With the aid of this
solution and two special cases, it is possible to express the limits of contracted transforms
of these six functions at k = 0 and k approaching infinity, where k is the magnitude of
the Fourier transform vector. Finally, perturbation limits for the case of weakly inhomo
geneous solids are presented for these functions.

In Section 4 approximations to the problem studied in Section 3 are presented
which are valid when Lil » 1. In particular the zeroth order approximation is contained
in the familiar field equations for a homogeneous solid with material properties replaced
by effective properties. For statistically homogeneous and isotropic assemblages these
effective properties are contained in two easily measurable quantities. In the first order
approximation additional terms involving fourth order derivatives of the displacement
field arise. Here two additional constants are needed to characterize the assemblage.
These additional constants have the units of length and are associated with the correlation
lengths of the spatial fluctuations of the material properties. An identification is made
between this first-order approximation and the linearized version of Toupin's strain
gradient theory [15].

In the next section the question of equating ensemble averages with local volume
averages is discussed. It is seen that such an equation is valid in the case in which Lil » 1.
Thus, the conditions necessary for this equation are the same as those required for the
approximations in Section 4 to be valid.

In the last section the case of a bounded solid is briefly discussed. Here it is argued that
the effects of the boundary on the equations governing the mean field quantities are con
fined to a layer of the boundary. The thickness of the layer is dependent on 1and it seems
reasonable to assume that this thickness is of order I. Thus, in the case in which LBll » 1,
where L B is a characteristic length associated with the boundary, the equations derived
on the basis of infinite bodies is a valid approximation throughout most of the solid.

1. EQUATION ON MEAN FIELD

The equations governing the response of a linearly elastic solid are given by

0iC,jklSkl)+Fi = 0

where

(1)

Ski = U(k,l) = !(OIUk+OkUl)' (2)

In the above the elastic moduli tensor, C/jk1 , is to be described by statistically homogeneous
random functions of position. For convenience, the body force, F i , is taken to vary with
position in a non-random fashion. The displacement field is denoted by Uk and the strain
field, or the symmetric part of the gradient of the displacement field, is denoted by Ski'

Determination of the response of the solid requires the inversion of equation (I) subject
to prescribed boundary conditions which we shall take to be described in a non-random
sense.
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It is desired to obtain an equation governing the mean value (i.e. ensemble average)
of the displacement field. Ensemble averages are to be denoted by { }. Toward this end.
we average equation (1) which gives

o (3j

where a prime denotes the spatial fluctuations of the indicated quantity about its mean
value. Next, equation (3) is subtracted from equation (I) which gives

f C );)' +(1 P);) (C' ") - "(C' j. »)l 'Ukl (C/-ikl - I') ijklEkl -- - I'j ijkl \ Gkl f, (4)

where I denotes the identity operator and P denotes the operation of taking an ensemble
average. Equation (4) is viewed as the equation governing the fluctuating part of the
displacement field; i.e. B~I U(k,I)' in terms of the right hand side which is taken to represen t
a known forcing term. It is to be inverted subject to boundary conditions which are homo
geneous by virtue of the statement of the original problem. In order to carry out the
solution of equation (4), use is made of an iteration procedure. Thus, we write

" /.'(n)L 'kl
n=l

where

and

IC }:l ,'(1)_ " ('C' f \)\ ijkl (ii/'kl - - (;jUk/lBk/i

IC }:1 .'(n) - ('f P):l (C' ,(n--l»)l Ijkl Dlkl - - -- C; ijUEkl ' ' n> I.

(6)

Each of the problems defined by equations (6) and (7) is equivalent to determining the
response of a homogeneous linearly elastic solid to a prescribed forcing term. Again. the
boundary conditions to be applied in each case are homogeneous.

Before discussing the solutions of these problems a comment on the validity of using
the iteration procedure may be in order. It is clear that its use does limit the validity of
the results to be obtained to some restricted class of problems. Unfortunately, it is not
possible for us to give a precise definition of this class. We assume instead that if the spatial
fluctuations in material properties are sufficiently well behaved, as is the prescribed forcing,
F i , then the iterated solution is valid. It should be emphasized with regard to this question
that since we shall not truncate the series (5) in the main body of the report the validity of
the results is not dependent on being able to assign a small perturbation parameter to the
variations in the material properties.

The solution of the problems defined by equations (6) and (7), are formally carried out
by introducing an appropriate Green's function. The appropriate Green's function will
depend on the physical dimension of the body to be analyzed as well as the nature of the
conditions to be satisfied on the boundary. It is clear, therefore, that the expression obtained
for t:~1 in terms of {Ski}' F; and C/ jkl depends on what happens on the boundary of the
problem being analyzed. Hence {C;jkIB~I} and, therefore, the equation obtained on :Dkl:

by substitution in equation (3) will depend on the nature of the boundary of the body being
analyzed. It should be emphasized that this dependence of the equation governing {Bkd

on the boundary of the problem to which it is to be applied is not a result of the method
used to obtain the equation. Rather it is inherent in the nature of the problem. It is therefore
inappropriate, perhaps, to denote such an equation, a field equation. We shall return to
the question of the dependence of the equation governing {Ski} on boundary conditions
after the equations are derived.
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The Green's function for elasticity problems which we designate by Kk1m(X, Xl) is
defined by the equation

(8)

(9)

where l5(x-x1) is a three-dimensional Dirac delta function and (jim is the Kronecker
delta. The boundary conditions to use in conjunction with equation (8) are the homogeneous
conditions of the same type as those of the specific problem being studied. It might be
noted that K k1m is symmetric with respect to the first two indices. Using this Green's
function, the solutions of the equations (6) and (7) are

e~~l)(x) = f Kk1.(X, xI)o~l)[C;spixl){epixl)}] dX1

'"
and

B~~n)(X) = (I-p)f Kklr(X,XI)O~l)[C;spixl)e~;-1)(xl)]dxl'
"t

In these expressions o~l) denotes differentiation in Xl space.
Next, we calculate {C;jkle~l}' From equations (5), (9), (10)

{C;jkle~l} = I {C;jkle~~n)},
n

f Kk1r(X, Xl)O~1)[{C;jkl(X) C~SPq(xI)}{epq(xI)}] dX I
x,

and

{C;jklB~~n)} = f Kk1r(x, Xl )O~1)[{c;jkl(X)C;spq(Xl)B~;-1)(X I)}] dX 1
x,

n > 1

n>1.

(10)

(11)

(12)

Successive substitution of equations (9) and (10) into equation (12) allows the expression
of {C;jkle~)n)} in terms of an integro-differential operator acting on {epq }. The form of the
higher order terms is obtained from an obvious extrapolation of the forms for n = 2 and
n=3.

{e ... B(2)} = f. f. K .. · (x xl)o!l)[K . .. (x x2)oI2)[{e ... (x)e ... (x1)e. . . (x2)\
1112t31-4 1)14 '3141-5" 16 1.71819' flO 11121314 15161718 19l10lttll2 J

X2 Xl

{C;ti,iJi4(X)C;,i6hi8(X I)C;.itOit tit2(X2)c;,Jit4it,it6(X3)} - {CitiliJi4(X)C'i,i6hi8(XI)}

X {Ci.itOitlitl(X2)c;ui14it5it6(X3)}]{Bit5i,6}]]] dX3 dX2 dXI' (13)

The statistics ofthe ensemble enter these operators according to the following combinations
of correlation functions.
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rP) . (x x) = {C . (x)C . (x )\
11 ... 18 1, 2 '1 •.• 14 1 15 .•. 18 2 J

r\2) . (x x x) = {C . (x)C . (x)C (x )\
11 ... 111 1, 2, 3 11 .•. 14 1 1:')""8 2 19 . .i ll 3 J

fI;.).. i6(X 1, x 2, X3, x 4 ) = {C;I ... i4(X J)C;,.i8(X2)C;9 .. i12 (X3)C;13 ... iI6 (x4 ) j
- {C . (x)C . (x ) \ {C . (x)C . (x ) t.

_ 11 •.• 14 1 15 .•• 18 2 I (g ••. lll 3 1}:\ ..• 116 4 j

(14)

Again, the extrapolation for the higher order combinations is clear.
Combining terms of all orders allows us to finally write

{C;jk/C~,} = Aijk/(X,X1){Ck/(XJ)} (15)

where Aijk/(X, x d represents an infinite sum of integro-differential operators which contain
correlation functions of all orders involving combinations of the material properties.
Substituting equation (15) into equation (3) gives the final equation on {Ck/}.We have

(16)

2. ASSEMBLAGE OF LOCALLY ISOTROPIC SOLIDS OF INFINITE EXTENT

In this section we shall specialize equation (16) to the case in which every body in
the assemblage defining the statistical sample is a locally isotropic solid of infinite extent. t
Thus the elastic moduli tensor Cijk/(X) is described by the general fourth-order isotropic
tensor which is symmetric with respect to interchange of first two indices and we write

(17)

In this expression Aand J1 are the familiar Lame parameters which in the present problem
are taken to be described by random functions of position which have constant mean
values.

For the isotropic solid, the Green's function introduced in the last section is readily
obtained by introducing a potential function. See for example, Love [16J, p. 185. In the
case of an infinite solid the desired Green's function is a solution of Kelvin's problem
(see Love [16]) and we may immediately write it as

where

t Strictly speaking some convergence difficulties can be expected for the case of an infinite solid unless one
takes the fluctuations in the elastic moduli tensor to be zero outside of some finite volume. Once the problem
has been solved, it is then permissible to allow this volume to become infinite as is required in the case of homo
geneous statistics.
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(20)
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We should now like to substitute this expression for Kjjk(x, Xl) into the equations
defining the integro-differential operators Ajjkl(X, Xl)' First we notice that wherever
Kijk(X, Xl) appears, it appears in the combination

fKijk(X, xl)o!l)[d(xl)] dXl

where d(xd denotes a general tensor function of Xl' We should like to express this integro
differential operation on d(xd by an integral operation and a boundary term which we
might evaluate by invoking Green's theorem. Thus, we write the above integral as

fO(l)[Kijk(X,XI)d(Xl)] dX l - f[Oj1lKijk(X, xl)]d(xl) dxl ·

There is a danger in doing this in that, although the integral as it appears in equation (19)
may exist, the integrals appearing in equation (20) need not exist when taken separately.
Expanding o!l)Kijk(X, Xl) gives

oj1lKijk(x, Xl) = - o/Kijk(x, Xl)

- 8n{ il ~ 21l} ~OIOj(r-1 )bjk +%k-
l
)bik]

-{~:r} [[OjOjOk(r- 1)]rk+oiok- l )bkl]} (21)

From this expression it may immediately be seen that each term in Oj1lKijk(X, Xl) becomes
singular as (r- 3

) as r approaches zero. Thus the second integral in equation (20) cannot
exist in the usual sense unless d(x l)goes to zero as Xl approaches x. In the present problem
this is not the case, but d(XI) does approach a value at Xl = Xin a manner that is inde
pendent of direction. With this information it is possible to show that the volume integral
in equation (20) does exist in a "Cauchy principal value" sense. This is, if one introduces
spherical coordinates centered at Xl = X and integrates first with respect to angular
coordinates, one finds that the strong singularity at Xl = Xvanishes.

The first integral we evaluate by invoking the divergence theorem. Thus, it is written

fn/Kijk(X, xl)d(xl) dx l,

where n/ is an outward unit normal and the integration is over two spheres concentric
about the point Xl = X at which Kjjk(x, Xl) becomes singular. One sphere is taken to be
unboundedly large and the second vanishingly small. The integral over the large sphere
vanishes provided d(x) falls off rapidly enough as the radius of the sphere becomes large.
This indeed is the case in the present study. The integral over the small sphere may be
directly calculated by introducing spherical coordinates. The result is

d(x)
30{1l}{il +21l} [{3il +81l}(bilbjk +bljbik) - 2{il + II }O/kbjj]

and, therefore, equation (20) may be written as

d(x)Mjjk /+ f Njjk/(x, xl)d(xl) dX l
"1

(22)
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where

and

M. J. BERAN and J. J. McCoY

N ;"l K ( ) - 10)K ( )ijkl = (JI ijk X, Xl = (/ ijk X, Xl .

With these expressions we may write
'XI

Aijk/(X, xtl = L: A!jk/(X, xtl
n I

(24)

(25)

(27)

where

A!Jit{Ek/} = f Kpqr(x, XI)iJ~I)[{C;jpq(X)C~Sk/(xdHEk/(XI)}] dXI
Xl

= M pqrs{ C;jpiX)C~skl(X)}{ Ekl(X)} + f N pqrs(X' XI){ C;jpq(X)C~Skl(X)}{ Ekl(X I)} dX I
XI

A!Jit{Ekl} = LLKpqr(x, x,)iJ:l)[Ktuv(x t , Xz)iJ!:)[{C;jpiX)C~stu(Xt)C;)Wkl(XZ)}

x {Ekl(Xz)}]] dxz dx,

= MtuvwM pqrs{ C;jpix)C~stu(X)C;,wkl(X)} {Ek1(X)}

+ L[MUll'wNpqrix , Xll{C;jPq(X)C~.wu(XI)C;,wkl(xd}

+ 11 Kpqr(x, Xz)D\21[Ntuvw(xz, Xt){C;jpq(X)C;sru(Xz)C;'Wk/(Xlm}Ekl(XI)} dx 1• (26)

Similar manipulations will now give the remaining terms in the series defining the integral
differential operator A/jkix, Xl)' The form of these terms is apparent from the above.
Notice that upon combining we may finally write

Aijkl{t;kd = Dijk/(X){Ek/(X)} + f Ei,ikl(X, Xtl{Ek1(X I)} dXI
Xl

where Dijkl and Eijkl are algebraic quantities. From equations (26) and (27).

Dijk1(X) = M pqrs{ C;jpq(X)C~Skl(X)} + MtuvwM pqrs{C;jpq(x)C;st.(X)C~Wkl(X)} +... , (28)

and

E/jk~X, Xl) = N pqrs(X' XIl{ C;jpq(X)C~Sk/(Xl)} +MtuvwN pqr,(X, XI){ C;jpq(x)C~Stu(XI)C~Wk/(XtI}

+ f Kpqr(x, x1)iW)[Ntuvw(xz, XI){C;jpq(x)C~Stu(X1)C~Wk/(XI)}] dX1 +.. ,. (29)
Xl

Finally a great deal of simplification can be introduced in the expressions for Dijk1
and Eijk1 by expressing Cijkl as indicated in equation (17). We find for example

I} ({ 'Z} 4{, "} 4P+Ji}f 'z})' "-- l,1, + 2Ji Dijk1(X) ,1, + 3" AJi -15{Ji} iJi UiPkl

2{3,1,+8Ji}f '11(.,' ,,) ("'())+--'15{JiT-tJi r Uik(Jjl +Ui/Ujk +...-, ,
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and

(31)

In the above,
CJciX, Xl) = {A'(X),u'(X I)} ,

C JX, Xl) = {,u'(X)A'(X I)},

C (X, Xl) = {,u'(X),u'(X I)},

aij = l>ij-3rir/r2,

and

{3ijk/ = lOrirjrkr//r4 - 2l>ilkrl/r2 - (l>ilrlklr2 + l>j;firJr2+ l>ikrj rt/r
2+ l>jkrl//r2 ).

We now write equation (16) in the form

O{ L, C(iijkl(X, XI){Gk/(XI)} dXIJ +Fi = 0, (32)

where

C(iijkl(X, Xl) = [{Cijk1 }+Dijkl(XI)]l>(X - Xl) +Eijk/(X, Xl)' (33)

Recognizing that the ensemble average of the stress field, {rij)' is given by the bracketed
quantity in equation (32), we may express the equations governing the mean stress and
mean strain fields in an assemblage of linearly elastic solids in the following form

oi{rd+Fi = 0

{riix)} = fC(iijk/(X, XI){ekl(X I)} dXI
Xl

{Gkl} = t(Ok{U1}+ol{ud)·

(34a)

(34b)

(34c)

Thus we see, that the formulation governing the mean fields in an assemblage of linearly
elastic solids is the same as that governing the field in a single linearly elastic solid if one
allows for the presence of non-local effects. That is, the mean stress at a point is related
to the mean strain at every point. It might be pointed out that although every body in
the statistical sample might be locally isotropic, this need not result in an isotropic tensor
for C(iijk/(X, Xl)' An additional restriction, i.e. that the statistics are also isotropic, is needed
for us to conclude that C(iijk/(X, Xl) is an isotropic tensor. The consequences of this assump
tion will be studied in the next section.

First, however, we should like to consider the formulation given by equation (34).
Investigation ofC(iijkl shows that in every term a correlation function appears, (or a function
of correlation functions) appears, involving the C(iijk/ field. The points located by Xand Xl
appear in these correlation functions, (or functions of correlation functions). This allows
us to assume, since there is some characteristic length, Ie, associated with the fluctuations
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in Cijkl, that ~ijkl(X,XI) is negligible for Ix-xII> lc. Thus, we conclude that the main
contribution to the integral over Xl space appearing in equation (34b) comes from a region
in a vicinity of the point X of characteristic dimension lc. Consider now expanding
{ekl(x l)} in a power series about the point x. We write

Substituting equation (35) into equation (34b) yields

{ii/X)} = [Ll ~ijkl(X, Xl) dxl}ekl(x)} +[ Lct'ijkl(X, Xd(Xim -Xm)dXI}Jm{ekl(X)} + ...

or

(35)

(36)

{'iJ{X)} = C0kl{ t:kl(X)} + 9tl ijklm[am{t:kl(X)}] +$ijklmn[Om1\{ekl(X)}J +. . . . (37)

For problems in which a change in {ekl(x)} over the characteristic length, 10' is small
it is possible to truncate equation (37). Truncation after a single term formally equates the
problem of finding the mean field in an assemblage of solids to that of finding the field
in a single solid. For this reason it appears reasonable to denote C0kl as the "effective"
elastic moduli tensor. It should be noted that Ctkl is easily measured. In fact it is the quantity
that is determined when one obtains the elastic moduli tensor of any material that has
local variations in material properties. Keeping more and more terms results in obtaining
higher and higher order approximations. The higher order approximation of greatest
interest will be the first correction. We shall look further at this correction after we have
assumed homogeneous and isotropic statistics. This, we shall see, requires retention of the
third order term in equation (37).

3. STATISTICALLY HOMOGENEOUS AND ISOTROPIC ASSEMBLAGE OF
SOLIDS

In this section, we shall further restrict the problem being studied to one that involves
a statistically homogeneous and isotropic assemblage of bodies. By this is meant that the
statistical average of any nth order correlation function depends only on the difference
coordinates of the points involved and is independent of the absolute orientation of
this group of points. In such a case the tensor ~ijkl(X, xd is an isotropic tensor function of
f = X- Xl' The general form ofthis tensor is given in Batchelor [17] and we may immediately
write

~'ijkl(r) = C tfifjfkfl +C2 f irj<)k/+ C3 bijrkrl+ C4(rjrk(ji/ +rifk(jjl+r1fibjk +rjf1bik)

+ C sbijbk1 + C6(bikbjl + bi/bjk). (38)

In writing this expression use has been made of the fact that ~ijkl is symmetric with respect
to the first pair and the last pair of indices. The coefficients Ci are functions of r.

Theoretically one could calculate the coefficients appearing in equation (38) from the
expressions developed in Section 2, once the assumption of isotropic statistics has been
introduced. Alternately, one might view these coefficients as system parameters which are
to be determined experimentally. We now consider the effect of statistical homogeneity
and isotropy on the form of the governing equations.
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Referring to equation (32) we note that the most important consequence on the differ
ence coordinate is that the integrals appearing in this integro-differential equation are of
the Faltung type. Thus, it is possible to introduce an integral transform such that the
equation becomes algebraic in transform space. Introducing the Fourier transform and
making use of the appropriate convolution integral the equation becomes, in k space,

ik/tijkl {8k/} = Fi i = 1,2,3. (39)

In the above, • indicates the Fourier transform of the indicated quantity. In addition,
we have

(40)

Substituting equation (40) into equation (39) results in the following system of linear
algebraic equations on the transform of displacement field.

(41)

The tensor ciirsj is an isotropic tensor in k space and therefo~e has tI:e same form as equation
(38) with k replacing r. If we denote the coefficients in ~irsj by C i ; i = 1, ... ,6, then we
may write

(42)

and
• A 4 A A A2A A

fl(k) = Clk +(C2+C3 +3C4 )k +CS +C6 ,

J2(k) = C4 k2+C6 ·

Use of equations (42) in (41) results in

Ulkikj+J2k2bij){uJ = Fi. (43)

The left hand side of equation (43a) is recognizable as the transform of the Navier operator
of a homogeneous linearly elastic solid if one sets J1 = A+ J1. and J2 = J1.. In transform
space, then, the problem of determining the variations in the mean fields of a statistically
homogeneous and isotropic sample of isotropic linearly elastic solids is identical in form
to that of determining the variations in the fields of a single homogeneous and isotropic
elastic solid. The difference between the two problems is that Jl and J2 are constants in
the latter case, whereas they are functions of the magnitude of the transform variable k
in the former.

In the small perturbation limit; i.e. {A1n}/{A}n « 1 and {J1. In }/{J1.}n « 1; for all n; it is
possible to obtain an explicit expression for Jl(k) andJ2(k). The calculations are straight
forward but rather tedious and only an outline of the procedure will be given. ~ijkl(r) is
given by equation (33) where Dijk1 and Eijk1(r) are given by equations (30) and (31). We
define ciijkl(k) by

(6'ijk/(kl, = f~ijkl(r) exp(ik. r) dr, (44)

insert ~ijkl(r), introduce spherical coordinates and integrate over angular coordinates.
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Ml(Y) = (~- 4; +10,5) sin y+ (~_lO:)cosy,
y y y- y Y

M2(y) = (~I +~? _7_~) sin y _ (_8, 75)cos y,
Y y3 yS y2 y4

(
I 3 ) 3M 3(y) = ~--- siny+---..{;osy,
y l y2

(-I 63 IS0)' (13 IS0)M 4(y) = -+~-- smy- ~-- cosy,
y y3 yS y2 y4

(2 42 90)' (12 90)MsCv) = ~-~.+-- smy+ ~-~ cosy,y y3 yS y2 y4

and

(- 12 30) (2 30)M 6(y) = ~-.~+~. sin y+ -"-~ cos y.y3 yS y2 y4

(45)

(46)

Using the above expressions, we may easily consider the limiting case as k ~ 0. The
result obtained is

(47)



(51)
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This limit is of interest since it corresponds to the limit in which the mean stress and mean
strain are homogeneous. Thus, it is natural to relate the limit of riijk/(k) as k approaches
zero to "effective" properties. We may thus write

riijk/(k) --+ A*.5ij.5k/+Jl*(.5ij.5kl+.5ik.5jl)' (48)

where the small perturbation limits of A* and Jl* are given by equation (47). These perturba
tion limits for A* and Jl* are in agreement with those reported by McCoy [2], and with k*
(where k = A+1Jl, the bulk modulus) that was reported by Beran and Molyneux [1].

We consider the other limit (i.e. k --+ 00). For k large enough, Mi(kr) falls off sufficiently
fast relative to the C(r)'s so that the latter may be taken as given by their values at r = 0.
Then, the integration over r may be carried out and we find

where

(
11 465 1080)' (105 1080)M 7(y) = ---+-~ Sllly+ ---- cosy,
Y y3 y5 y2 y4

and

(
-1 51 120)' ( -11 120)M 8(y) = -+--- sllly+ --+- cosy.
Y y3 y5 y2 y4

The same limits of k approaching zero and k approaching infinity may be taken. The results
are:

(52)
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(53)

The limits as k approaches zero are easily recognized to be the small perturbation
expressions for (A*+p*) and p*, respectively. This, of course, is to be expected. The limits
as k increases without bound may be identified, in the limit of small perturbations, with
the results of the following sequence of operations. Let ), and p be independent of r but
vary from sample to sample. Invert the tensor

[(I. + fl)kik j +pk2
()ij]'

take the statistical average of the result, and finally invert the result.
This latter result might also be expected if one uses the following reasoning. Inverting

the set of equations represented by equation (39) gives

(54l

The limit k ---+ CIJ corresponds to the limit r ---+ 0 in the transform domain. When r -+ 0
the solution may be obtained by considering a sequence of different samples all of which
have elastic moduli that do not vary with position but only vary from sample to sample.
The constants in this case are obtained by the procedure in the above paragraph.

4. SLOWLY VARYING MEAN FIELDS

We should now like to consider the simplifications that can be introduced when the
smallest characteristic length associated with the variations in the mean field, i.e. L, are
much greater than the largest characteristic length associated with the random variations
in the material properties, i.e. I.

As shown in Section 2, if one expands {Ckl(X,)} in a power series about the point x I = x,
one obtains, in place of the integral function relating the average stress at a point to the
mean strain at every point, the series expression

(55)

The formal expression defining filijklm, t'ijklmn etc. show that each of these terms may be
viewed as tensor products of CUkl and weighted position vectors from the point x to the
point XI' Since the weighting function is ~ijkl(X, XI), the magnitude of these vectors are of
order I. If the smallest characteristic length associated with the fluctuations in {C;kl: is L.
the nth term in this series is of order (IILr. Thus, if IIL « 1, it is possible to define various
order approximations by truncating this series after differing numbers of terms.

Assuming statistically homogeneous and isotropic statistics, the various tensors in
equation (55) must be constant isotropic tensors. Again referring to Batchelor [17], we
may immediately express this requirement by

CUkl = X*()ijbkl+P*(bikbjl+bilbjk)'

filijklm = 0

(56a)

(56b)
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t&'ijklmn = a 1 i5iji5k/i5mn + a2 i5iii5kmi5 ,n + i5 kni5 ,m)+ a3i5mn(i5iki5 jl + i5il i5 jk) + a4i5k/( i5imi5 jn + i5ini5 jm)

+ as(i5iki5'ni5jm + i5ili5kni5jm + i5 iki5 ,mi5jn + i5ili5kmi5jn

+ i5jki5'ni5im + 15j/i5kni5im + 15 jki5/mi5in + 15j/i5kmi5in). (56c)

(Note t&' ijk/mn is symmetric in i and j, in k and I and in mand n.) Substitution of equations (56)
in equation (57) gives

{!iJ = A*{Bkk }i5ij + 2/.l*{BiJ + omom[adBkk }i5ij+ 2a3{Bij}] + 2a2oA{Bk/}i5ij

+ 2a4oioj{Bkk} + 4aS[OjOk{Bk;} + OiOk{Bkj}] +. . . . (57)

Truncating equation (57) after the first set of terms, making use of equation (34c)
relating the mean strain field to the mean displacement field, and substituting the result
into equation (34a) gives, as the equation governing {u;}, the homogeneous Navier equation
with Aand /.l replaced by A* and /.l*.

Truncating equation (57) after the first two sets of terms, making use of equation (34c),
and substituting the result into equation (34a) gives the following equations on {uJ

where

and

(59)

Equation (58) may be recognized as a linearized version of the first strain gradient theory
of Troupin [15J as it is presented by Mindlin and Eshel [18]. The latter grouped the new
material parameters as indicated by equation (59) since it can be shown that a necessary
condition for the positive definiteness of the strain energy density defined in the first
gradient theory is the positiveness of Ii and I~.

Using the expressions developed in Sections 2 and 3, it is possible, theoretically at
least, to calculate the quantities Ii and I~. For a statistical sample in which the media are
only weakly inhomogeneous such a calculation is even practical. Thus, we present the
first term correction for a weakly inhomogeneous media. No details of the tedious but
straightforward calculations are given:

a _ 2(O'l!' +O'!'l) 8{A + /.l}
1 - - 15{A+2/.l} + I05{/.l}{A +2/.l}0'!'!"

O'l!' 2{A+/.l}
a2 = + 5{A+2/.l} 35{/.l} {A +2/.l}0'!'!"

2{3A+ IO/.l}
a3 = -105{/.l}{A+2/.l}0'!'!"

O'!'l 2{A+/.l}
a4 = + 5{A+2/.l} 35{/.l} {A +2/.l(!'!' ,

{3A+IO/.l}
as = +70{/.l} {A +2/.l} O'!'il' (60)
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where

Therefore

and
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(J AI' = I'" rC AI'(r) dr with similar expressions for (JI'A and (JI'll"

(61)
2 1_ {3A+ IO,u} If *

12 - 105 {,u} (JI'I'/ l},+2,u},u .

For homogeneous and isotropic statistics the function (JI'I' is positive and thus, we see that
in the small perturbation limit the parameter I~ is a negative number. This is in disagree
ment with the positive definiteness of the strain energy density defined in the first strain
gradient theory. From this one can draw the conclusion that the strain gradient theory is
not a valid mathematical model for the physical problem being treated here. A more
detailed treatment of this point will be presented in the subsequent note. We note that if
there are no fluctuations in ,u that I[ = I = O.

Finally it might be well at this point to emphasize the distinction between the inter
pretation to be given to equations (58) from that given the similar equations when they are
obtained from first gradient theory. {,u} in equation (58) represents the statistical average
of the displacement fields which exist in a statistical sample of heterogeneous linear elastic
solids. In the first gradient theory the analogous quantity represents the displacement
field in a single homogeneous solid when gradients of the strain tensor are allowed to enter
the internal energy density function in addition to the strain tensor itself. It is only in the
situation in which an ergodic hypothesis can be invoked equating statistical averages to
local volume averages that one can extract any information from {u} regarding the
response of a single solid. In the next section the validity of the ergodic hypothesis is
discussed and it is argued that the validity requires IlL « 1, which is the same required
for equation (58) to be a valid approximation of equations (34c).

It seems clear that the retention of higher order terms in equation (57) would result
in equations analogous to the higher order gradient theories. (See Cauchy [19], Mindlin [20].
and Green and Rivlin [21].

5. DISCUSSION OF ENSEMBLE AND VOLUME AVERAGING

The following discussion on the relationship between ensemble and volume averaging
exactly parallels our discussion of this problem on dielectrics given in Ref. [14].

The meaning of {e;ix)} as defined in this paper is unambiguous. We consider a family
of linearly elastic solids for which there are associated probability distributions for the
fields A(X) and ,u(x). Each member ofthe family is, in turn, subjected to an identical excitation
F(x) and the value of the elastic strain tensor is either measured or calculated at the identical
point denoted by x. {e;ix)} is the result of averaging all of the values so measured (or
calculated).

It is not so clear how to infer any information from {eiix)} that is useful for discussing
the response of a single linearly elastic solid, the material properties of which vary with
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position in space in a manner about which we have only limited information. If the random
vector field {B;ix)} is defined over an infinite region of space and if it is statistically homo
geneous, i.e. {B;ix)} is not a function of position, then it is possible to invoke an ergodic
hypothesis. The ergodic hypothesis equates the ensemble average with a spatial volume
average. Thus, one may view {Bij(X)} as a spatial average of the elastic strain tensor that
exists in a single solid.

In the case in which the random tensor field is not statistically homogeneous the con
ditions justify the invoking of an ergodic hypothesis are not present. Still, one could argue
that if {B;ix)} varied "slowly" with position in space then the conditions necessary for
an ergodic hypothesis to be valid are approximately present. In such a case it could be
hoped that some information of the response of the single medium problem might be
inferred from {B;ix)}.

To give some precision to {B;ix)} varying "slowly" with position and what one might
infer from {B;ix)}, one might imagine that the variations in Bij(X) are seen over two scales.
On one scale one could discern details of the variations of the material properties. On this
scale (the inner scale) the overall dimensions of the solid and any characteristic length
associated with the forcing of the solid appear to be infinitely large. On the second scale
(the outer scale) one can make measurements of the overall dimensions of the body and
of characteristic lengths associated with the forcing. One this scale the fluctuations in the
material properties with position in space are too rapid to be discernible. The variations
of BJX) with distance measured on the inner scale are variations due to the variations in
the material properties. The variations of Bij(X) with distance measured on the outer scale
arise due to the finiteness of the solid and/or the finiteness of all characteristic lengths
associated with the forcing. If {Bij(X)} does not vary appreciably with a change in position of
any length measured on the inner scale, then the conditions for the justification ofan ergodic
hypothesis are present on this scale. Hence, {Bij(X)} may be associated with a local spatial
volume average over a region with dimensions very large compared to the inner scale.

In a specific problem, the length defining the inner scale, which we may denote by Ii'
will be given by some correlation length associated with the variations in the material
properties. For example, the correlation length associated with C/l/l(r), C/lir) and Cu(r).
The length defining the outer scale, which we may denote by L o, has already been defined
as the smallest characteristic length that can either be associated with the overall geometry
or with the forcing mechanism (i.e. L F). If liLo « 1, one can equate {B;ix)} to a local
volume average taken over a region which is large compared to I; but small compared to
L o·

For problems in which two clearly discernible length scales are not present it is not
possible to extract any deterministic information regarding the response of a single medium
from statistical averages such as {Biix)}. In general equation (34) only makes sense if viewed
from an ensemble point of view. If, however, l;/LF « 1 (e.g. I/LF « 1) the problem may be
viewed from either an ensemble averaged or volume averaged point of view. Equation (58)
admits of either interpretation.

6. EFFECT OF THE PRESENCE OF A BOUNDARY

We should now like to turn to the effect of the presence of a boundary on the equation
obtained for {Bkl(X)}. In reviewing the development of this equation one may easily see
that such an effect appears in the form of the Green's function Kk1mo For the infinite solid,
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the appropriate Green's function is given by the Kelvin solution for a force applied at a
point. For a bounded solid this function must be suitably modified to insure that the
desired conditions are met on the surface defining the limits of the solid. Unfortunately,
the appropriate modifications that must be introduced are known only for the simplest
geometries and even then it is usually necessary to require that the prescribed conditions
be of a certain type. These restrictions, however, do not prevent our gaining some insight
into the effect of the presence of boundaries on the "field" equation governing {Ckl(X)},

Consider the following problem. A force is applied at a point in a semi-infinite solid
that is directed away from the plane surface that serves as a boundary. The conditions to
be satisfied on this boundary are that the component of the displacement vector normal
to the surface and the components of the traction vector tangential to the surface vanish.
The solution to this problem is readily obtained by superposing two Kelvin solutions;
one for the described force acting at the described point and one for the negative of the
described force acting at the image of the described point (the image is taken about the
plane boundary). Thus, the presence of this special boundary to this special type forcing
is contained in the contribution that arises due to the presence of the image point and the
fact that the region of integration is different. We should now like to investigate the size
of the contribution of the image point to the equation governing {Ckl} relative to the
contribution of the primary source point. We also consider the effect of integration over
the half space instead of the full space as was done in the infinite medium problem.

The contribution to the Green's function of the primary source point is given by equation
(18) with rj representing the position vector of the field point relative to the primary
source point. For the specific problem under consideration, it is to be understood that
this Green's function has been specialized to account for the force being directed normal
to the boundary plane. Similarly, the contribution to the Green's function of the image
source point is also given by equation (18) (with an appropriate sign change) provided
one takes ri' in this case, to represent the position vector of the field point relative to the
image source point.

The Green's function enters the governing equation on {Ckl(X)} through the expression
{C;jkl(X)C~,(X)}, The manner in which this expression depends on the Green's function is
given by equations (llH13). For the half space problem being treated, the expressions
are the same as those given there if one replaces

(62)

where Kkl,(X, Xl ;X I ) is the contribution from the primary source point and Kkl,(X, X I; X2)

is the contribution from the image source point. In addition, of course, for the semi
infinite body the region of integration is the half space occupied by the body. Turning
first to equation (12), we note that the integrand contains the two point correlation function
{C;jkl(X)C~spq(Xl)}' For such a function it is possible to introduce a characteristic length.
say I, and state that the function falls off rapidly for Ix - x 11 > I. The fact allows us to
introduce the following simplifications into the expression for {C;jkl(X)C~I(l)(X)}. First of all,
if the field point X is located sufficiently far from the boundary (relative to length I), the
contribution from the image source point is negligible when compared to the contribution
from the primary source point. To draw this conclusion one needs to consider the relative
sizes of Kkl,(X, Xl ;x l ) and Kkl,(X, Xl ;x2) in the region of Xl space in which {C;jkl(X)C~spq(XI)]

is not negligible, namely a small region about the field point x. From the form ofequation (18),
it may be concluded that the size of Kk1,(X, Xl; X2) relative to the size of Kkl,(X, Xl; Xl}



Mean field variations in a statistical sample of heterogeneous linearly elastic solids 1053

where Xl is to be understood to locate a point in this region, is of order (l/L)2 where L, in
this instance, denotes the distance of the source point X from the boundary. Thus, except
for a certain region of the boundary, one may neglect the contribution from the image
source point. Secondly, subject to the same restriction that the field point located sufficiently
far from the boundary, the domain of integration for the contribution from the primary
source point may be extended to cover the entire space. This is valid since the integrand
is negligible throughout the added half space. Thus, for the half space problem being
treated, equation (12) as calculated assuming an infinite medium represents a valid approxi
mation. Turning to equation (13), we can draw the same conclusions by means of the
same arguments if we assume that {C;jkl(X)CrspixI)e~~n-l)(XI)}decays in a manner similar
to {C;jkl(X)C;spq(x l )}. That is, if we assume that a correlation length may be assigned to
{C;jkl(X)C;spixl)e~~- 1)(X I )} such that its value falls off rapidly for Ix - XII greater than this
length. Physically it appears that such an assumption is valid since it is difficult to imagine
that e~ixI) is strongly correlated to C;jkl(X) when the distance between Xl and X becomes
large.

Based on the above reasoning, therefore, it seems reasonable to conclude that the
presence of the boundary plane of the special type investigated for the special loading
investigated offers a significant contribution to the equation on {ek1(x)} only within a
layer of the boundary. The extension to other loadings and to other type conditions on
boundaries with different geometries would proceed with similar arguments. The first
step would be to construct the appropriate Green's function for the boundary being
introduced and then continue as above. The construction of the Green's function may
sometimes be accomplished by a process of synthesis in which differing combinations of
Kelvin's solution are superposed. For example, for the point force in a semi-infinite solid
with a traction free surface, Mindlin [22J accomplished this synthesis with the following
results. For the force directed normal to the boundary the solution may be given by the
six nuclei of strain which, in an infinite solid, represent: (1) a single force at the primary
source point; (2) a single force at the image source point; (3) a double force (i.e. two equal
and opposite forces) directed normal to the boundary also at the image source point;
(4) a center of compression (i.e. three double forces directed along the three axes) at the
image source point; (5) a doublet (i.e. double center of compression and dilatation) at
the image source point; and (6) a line of centers of compression running from the image
source point out to infinity along the line normal to the boundary. With this result it is
not difficult to proceed as in the case of the mixed boundary value problem (specification
of one component of the displacement vector and two of the traction vector) and draw
the same conclusions. Mindlin also presented the same synthesis for the force directed
parallel to the boundary. These results can be used to draw the same conclusion for that
problem, namely that the presence of the boundary is significant only within a layer of the
boundary. Finally, the extension to other than plane boundaries is difficult because of the
difficulty in constructing the Green's function. It seems reasonable to assume, however,
that so long as the curvature at every point of the boundary is not too great the conclusions
drawn here will still be valid.
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AOCTpaKT-DpeiJ,MeTOM pa60Tbi lIBJIlIeTClI onpeiJ,eJIeHlle 1HalJeHII1I !TO eCTb CTaTItCTltlJeCKoro CpeiJ,Hero!
BenlllJlIH nOJIlI B CTaTIICTltlJeCKOM o6pa:u.\e HeOiJ,HOp0iJ,HbIX mlHeHHo ynpyrltx TBePiJ,bIX Ten. DOJIY'leHHall
<!>opMyna onpeiJ,eJIlIeT {u,(x)), rLle u, 0603HalJaeT none nepeMell.\eHHH, a CKo6KH 0603HalJalOT cpeLlHee
3HI.\JIe HI.\e cOBoKynHocTH. TaKall <!>opMynHpoBKa npeiJ,CTaBneHa BbIpalKeHHlIMH 6ecKOHelJHOll nOCJIeLlo
BaTenbHOCTH <!>YHKI.\Hll KOppenllI.\HIt, CB1I3aHHbIX co CnlJallHbIMH CBOllCTBaMH MaTepHana. TorLla KaK, 3Ta
<!>opMynllpoBKa crrpaBeiJ,nHBa TOJIbKO iJ,nll CJIy'lall, KaCalOll.\erOClI 6eCKOHe'lHbIX TBePiJ,bIX Ten, npHMep
IIcnonb3yeTclI LlITlI yKa3aHHlI, 'ITO 3<!><l>eKT rpaHHI.\bI HMeeT 3Ha'leHHe npH <!>OPMYHI.\peBKe TonbKO COBMeCTHO
C ITOrpaHH'IHbIM cnoeM. TOnll.\HHa cnoll orrpeLlenlleTClI Hall6onbllIOll iJ,nHHOll KoppenllUHII CB1I1aHHOll C
rroneM, orrHCbIBalOll.\HM CBOllCTBa MaTepHana,

<1JopMynHpoBKa 06CYlKiJ,aeTClI, nOiJ,p06HO, Llnll cnlJall CTaUICTIt'leCKH OiJ,HopOLlHoro H CTaTIICTltlJeCKH
H30TporrHoro 06pa3I.\a nOKanbHO H30TporrHbIX TBepiJ,bIX Ten. )J,alOTClI <!>opMyna B KOHelJHOM BHiJ,e iJ,JIlI
rrpeiJ,enbHOro cnYlJall cna60 HeOiJ,HOp0iJ,HbIX Ten. I1ccneiJ,yeTclI TaKlKe cny'lall MeiJ,neHHOro H3MeHlIlOll.\erOClI
nonll, TO eCTb H3MeHeHlt1l BbIpalKeHHlI {U,(X)X}, KOTopbIe MeiJ,neHHO 3aBHClIT OT H3MeHeHlt1l CBollcTB MaTe
pllana. YKa3bIBaeTClI, 'ITO B iJ,aHHOM cnY'lae, Hcnonb30aaHHe 3<!><l>eKTHBHbIX rraptlMeTpoB MaTepHana LlaeT
pe1ynbTaT Llnll Lleii.cTBItTenbHOro rrpH6nHlKeHHlI rrepBoro ITHplJyKH. KoppeKTypa nepBoro pOLla iJ,nll JrIlXlKe
caMbIX OrpaHHlJeHHli. lIBnlleTClI TeOplteli. rpaiJ,HeHTa iJ,e<!>opMaI.\HH nepBoro rrHp'lyKH,


